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The Navie r  -- Stokes equations a re  so lvednumer i ca l ly  for  l aminar  viscous incompress ib le  fluid 
flow in a plane ductwith suddenexpansion.  The solution is compared  with exper iment .  

The flow of a viscous incompress ib le  fluid ina plane ductwith a sudden expansion is accompan iedby  flow 
separa t ion  f rom the duct wal land  the format ion  of rotat ional  flow zones.  Ducts with a sudden expansion are  
used as devices  for  f lame stabi l izat ion and enhancement  of h e a t - t r a n s f e r  eff iciency.  The ae rodynamics  of such 
flows is invest igated by three  basic  approaches :  

a) the synthes is  of s impl i f i edmode l s  of flow with separa t ion  zones,  based  on the resu l t s  of exper imenta l  
studies at  Reynolds numbers  Re ~- 104 to 10 s [1-11]; 

b) the der iva t ion  of p r ec i s e  asympto t ic  solutions of the N a v i e r - -  Stokes equations for  only large (or only 
small)  Reynolds n u m b e r s .  This  method is used to invest igate supersonic  flows with l amina r  and turbulent 
separa t ion  zones of la rge  dimensions  in compar i son  with the thickness of the boundary layer  a t  the s e p a r a -  
tion point [12-17]; 

e) the development  of numer ica l  methods of solution of the boundary-value  prob lem for  the N a v i e r - -  Stokes 
equat ions.  Surveys  of the numer ica l  integrat ion of the Navier  -- Stokes equations with the applicat ion of 
var ious  f in i te -d i f ference  schemes  may  be found, along with exhaust ive bibl iographies ,  in [18-21]. 

Simuni [22] has invest igated viscous incompress ib le  flow in a duct with a sudden expans ion. and c o n s t r i c -  
tion dur ingmot ion  of one of its wai ls ,  up t o n u m b e r s  Re =1000. The s c h e m e u s e d  in [22] is r endered  unstable 
by the s y m m e t r i c  approximat ion  of convection t e r m s .  A numer ica l  integrat ion of the Navier  -- Stokes equations 
is c a r r i e d  out in [23] for  the prob lem of the evolution of viscous incompress ib le  flow in an a x i s y m m e t r i c  tube 
with a sudden expansion.  

The sy s t em  of N a v i e r -  Stokes equations descr ib ing plane flow of a viscous incompress ib le  fluid is wri t ten 
in the d imens ionless  fo rm [24] 
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Fig.  1. Flow d i ag ram.  
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Fig. 2. Velocity profiles ina plane duct with 
sudden expansion. 1) Calculated by investigated 
scheme; 2) experimental  data; a )H/h  1 =3; b) 5; 
c) 6; d) 7. 

to t ransform to a sys tem of two equations (r ~), which wewri te  in divergence form [25]: 

0~ _ 1 0 0 
ot ~e v 2 ~ -  -~x ( ~ u ) -  ~ (~v), v~ ,  = ~. (3) 

Then in our case the Gauss divergence theorem is satisfied identically by equations in finite-difference form, 
independently of the solution precis ion [26]. 

In solving the system ($, ~) (3) it is necessa ry  to state the boundary conditions for ~. These conditions 
can be deduced approximately by means of the values already obtained for $. Various methods of deducing the 
boundary conditions for ~ are  discussed in [27]. 

In the present  paper we investigate an implicit second-order  two-layer  difference schemewtth the one- 
sided approximation of convection t e rms .  We represen t  the diffus ion t e rms  by means of ordinary central  dif- 
ferences [18], and conveet ionterms by the method of comparison of differences in the upst ream direction at 
three points, since weuse  approxtmattonwith e r r o r  O(h2). In the sense of convective t ransfer  information is 
t ransmit ted into a cell only from upst ream cells .  When the s ign of the velocity changes near a corner  point, it 
is necessa ry  to modify the main d i f ference-compar  ison scheme in the upst ream direction [28]. At a distance 
of one space step from the boundary of the region for convective t e rms  we use approximation by central  differ-  
ences.  Thus, the finite-difference sys tem approximates the sys tem ($, f) w i t h e r r o r  O(h2+At). 

Stability analysis of the investigated finite-difference (r ~) sys tem is ca r r i ed  out by the Neumannloeal-  
t inearization method [19]. A sufficient condition for stability, including the influence of the boundaries, can 
somet imes be obtained by energy analys is [19], but this approach is difficult even for simple differential equa- 
tions. For  the scheme discussed above wehave takenthe stability condition inthe form At_< ah 2, where a is a 
constant of order  1/2.  

Let us consider  the initialand boundary conditions for flow ina suddenly expanding plane duct (Fig. 1)- 
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where w designates a boundary point; w + 1, w + 2 . . . .  designate the internal boundary points c loses t  to w; and 
f(y) is the known veloci tydis tr ibut ion at the entrance,  which is obtained from experiment .  We note that the con- 
ditions on the line DC (4)correspond to the conditinnof equalization of s t reamlines  far  downstream, tnthe com- 
putation the line DC is situated a finite distance from the in i t ia lcross  section.  To sat is fythe  conditions on DC 
we use a nonuniform grid with respec t  tox so as notto increase the number of nodes and " t ransport"  the bound- 
ary  conditions too far  downstream [30]. In [31, 32] the Navier -- Stokes equations are  closed downstream by 
equations of the boundary- layer  type. In [25] linear interpolation of the s t ream function and vorttei ty inside the 
flow region is usedon  the line DC. 

The result ing sys tem of f inite-difference equations is solved as follows. Let the gr id  functions $n,j, }n,, 
be known at a cer ta in  t ime.  F r o m t h e  difference analog ofthe f i rs tequat ion of the system (3) we determine J 
}n+i at inter ior  points of the grid region.  Solving the difference analog of the second equation of (3) by the 

* ,  J - n+1 
iterative procedure of Seidelfor known boundary values of ~n (4), we find r inside the region [29]. From the 
value of ~n+.i we determine the vortex ~n+~ at the boundary. 'JThe comput~tionwas carried out on an M-220M 

computer. I'] The difference grid has a m~imum of 1500 nodes. The grid spacing is Ax =Ay--h = 0.1. For a 
certain time value the output data of the program are as follows: velocity profiles u and v in the duet cross sec- 
tions; values of the coordinate y of the streamlines ~ =~i =const at x =x i. The fields of the stream function r 
and vorticity ~ are printed out at the endof the computation. 

To corroborate the numerical results we conducted experiments on laminar viscous incompressible fluid 
flow in a plane duct with a sudden expansion. The velocities in the plane duct with a sudden expans ion were 
measured with a Disa Elektronik (Denmark) hot-wire instrument consisting of two type-55A01 hot-wire anemom- 
eters and a 55A06 co r r e l a to r  (diameter of sensing wire 5p; e r r o r a t  low velocities -- 4 m / s e c  or less -- 0.2%). 
The velocity fleldwas measured  inc ros s  sections of the duct withexpansion ratio H/h I =3.0,  5.0,  6.0, 7.0 (Fig. 
2). The resul ts  indicate that the velocity field at the slot exi tcan be descr ibed by the following equation for 
laminar  flow in a plane duct: 

u = I - - 4  --Y2 (5) 
u,. h~ 

(urn =1.62 m / s e e ,  h i = 1 .5 ram,  Re =umhi/v=162). The experimental ly determined velocity distribution at the 
slot exit differs f rom the velocity profile computed according to (5) bya maximum of 1%. 

In Fig.  2 the computed velocity distributions of the duct flow are compared withthe experimental  data. 
An analysis of the velocity distribution for  various expansion rat ios  shows thatthe lengthof the reeirculat ion 
zone and the velocity in itdepend strongly on the expansion ratio; for example, for H/hi =3.0 the maximum ve-  
locity in the rec i rcula t ion  zone is about 10% Um, while for H/hi = 6.0 it jumps to 20% um. The numerical  computa- 
tion indicates more  rapid decayof  theaxial  velocity than the experimental  (Fig. 2). Inasmuehas we have t r ans -  
ported the conditions at  infinityto a finite distance from the expansion step, the conditions specified at the right 
boundary were ex t remely  "rigid.  " Consequently, a more  rapid decay of the axial velocity is observed.  On the 
whole the compar ison of the numerica l  with the experimental  resul ts  shows that the given numerical  method 
ensures  reasonably accura te  resul ts  in the computation of such flows. 

N O T A T I O N  

x, y, dimensionless coordinates r e f e r r ed  to the charac te r i s t ic  length L of the duct (Fig. 1); u, v, velocity 
components along x and Y axes, r e f e r r ed  to the charac te r i s t ic  velocity u0; P, dimensionless p ressure ;  Re = 
u0L/v, Reynolds number,  r e fe r red  to the charac te r i s t i c  velocity u0, charac te r i s t i c  length L, and kinematic vis-  
cosi ty v; i, j, indices number inggr idnodes  along x and y axes; n, iteration index; Ax, Ay, grid spacings along 
xand  y axes; At, time step; urn, maximum velocity on duet axis at entrance;  hi, H, half-widths of duct at 
entry  and exit (Fig. 1); V 2, Laplace opera tor .  

962 



L I T E R A T U R E  C I T E D  

i. V.N. Voronin, Fundamentals of Mining Aerogasdynamics [in Russian], Ugletekhizdat (1951). 
2. 0. N. Abramovich, Turbulent Flows with Fluid Backwash [ha Russian], Oborongiz (1958). 
3. V.N. Voronin and Yu. M. Pervov, Problems of Mining Aerology [in Russian], Ugletekhizdat (1958). 

�9 �9 % 

4. R. Curler, Sur i'~coulementd'un jet entre patois, Publ. Sci. Teeh. MmLstere de l'Air, No. 359, Paris 
(1960). 

5. A . M .  Levin andV.  A. Baum, "Dimensions of the rec i rcu la t ion  zone assoc ia ted  with sudden flow expan-  
s ion ,"  Dokl.  Akad. Nauk UkrSSR, No. 10 (1958). 

6. V . I .  Mitkalinnyi, J e t F l o w  of Gases in Furnaces  [ inRussian],  Metal lurgizdat  (1961). 
7. L . A .  Vulis and V. P.  Kashkarov,  Theory  of Viscous F lu idJe t s  [ inRussian],  Nauka, Moscow (1965). 
8. I . A .  Shepelev and M. D. Tarnopo l ' sk i i ,  Investigation of Heat and Mass  T r a n s f e r  inTechnological  P r o -  

c e s se s  and Equipment [in Russian],  Nauka i Tekhnika,  Minsk(1966). 
9. B . V .  Kantorovich,  "Mixingof jets  confined by wa l l s , "  in: NewMethods of Fuel Ignition and Aspects  of 

Combustion Theory  [in Russian],  Nauka, Moscow (1965). 
10. M . A .  Gol 'dsht  and B. A. Si lant 'ev,  "Influence of duct en la rgement  on the fluid motion inthe separa t ion  

zone behind a pou, iy s t r eaml inedbody ,  " Zh. P r ik l .  Mekh. Tekh.  F i z . ,  No. I (1967). 
11. B . A .  Ba i rashevsk i i ,  "Approximate  calculation of the ae rodynamic  cha rac t e r i s t i c s  of eonfinedjets  for  

var ious  expansion ra t ios ,  " Izv. Akad. Nauk BSSR, Ser .  F i z . - M a t .  Nauk, No. 4 (1970). 
12. V. Ya. Neiland, "Theory  of the separa t ion  of a l amina r  boundary l ayer  , " Izv. Akad. Nauk SSSR, Mekh. 

Zhidk. Gaza, No. 4 (1969). 
13. K. Stewar tson and I ) .  G. Wil l iams,  "Self- indueed separa t ion ,  " P roc .  R.  Soc, London, Ser .  A, 312 (1969). 
14. A . F .  Mess i t e r ,  " t~oundary- layer  flow near  the t ra i l ing  edgeof  a f lat  plate,  " SIAM J .  App[. Math . ,  1_88, 

No. 1 (1970). 
15. V . V .  Bogolepovand V. Ya. Neiland, "Supersonic flow of a viscous gas pas t  smal l  i r r egu la r i t i e s  on the 

surface  of a body, " T r .  Tsen t r .  A6rogidrodinam.  Ins t . ,  No. 1363 (1971). 
16. K. Stewartson,  in: F lu idDynamics  Transac t ions ,  Vol.  3, PWN, Warsaw(1967),  p. 127-146. 
17. L . V .  Goshin, V. Ya.  Neiland, and G. Yu. Stepanov, "Theory  of two-dimensional  separa tedf lows ,  " in: 

Fluid Mechanics (Advances of Science and Technology,  FluidMeehanies  Series)  [in Russian],  Vol. 8, 
VINITI, Akad. Nauk SSSR (1975). 

18. I. Yu. Bra i lovskaya ,  T.  V. Kuskova, and L. A. Chudov, "Difference m e t h o d s f o r  the solut ionof the  
Navier  -- Stokes equations,"  in: Computat ionalMethods and P r o g r a m m i n g  [in Russian],  No. 11, Moscow 
State Univ. (1968). 

19. R . D .  Rieh tmyer  and K. W. Morton, Difference Methods for  Init ial-Value P r o b l e m s ,  2nded. ,  W i l e y -  
In tersc ienee ,  New York (1967). 

20. T . J .  Mueller ,  "Numer ica l  andphys ica l  exper imen t s  in viscous sepa ra ted  f low,"  in: P r o g r e s s  in Numer i -  
cal  Fluid Dynamics  (Lect .  Notes P h y s . ,  Vol.  41; H. J .  Wirz ,  ed . ) ,  Spr inger ,  B e r l i n - - N e w Y o r k  (1975), 
pp. 375-409. 

21. Sin-[ .  Cheng, "A c r i t i c a l r e v i e w  o fnumer i ca l  solut ionof  Navier  -- Stokes equat ions ,"  in: P r o g r e s s  in 
Numer ica l  Fluid Dynamics  (Leer.  Notes P h y s . ,  Vol. 41; H. J .  Wirz ,  ed . ) ,  Spr inger ,  B e r l i n - -  New York 
(1975), pp. 78-225. 

22. L . M .  Simuni, "Numer ica l  solution of p rob lems  in viscous fluid flow, " Inzh. Zh. ,  4, No. 3 (1964). 
23. E . O .  Macagno a n d T .  K. Hung, "Computat ional  and exper imenta l  study of a captive annular  eddy,"  J .  

Fluid Mech . ,  2__88, 43-64 (1967). 
24. L . G .  Loi tsyanski i ,  Fluid and Gas Meehanics [ inRusstan],  Nauka, Moscow (1970). 
25. P . J .  Roache and T .  J .  Muel ler ,  "Numer ica l  solutions of l aminar  sepa ra ted  f lows ,"  AIAA J . ,  _8,530- 

538 (1970). 
26. P . D .  Lax, "Weak solutions of nonlinear hyperbol ic  equations and the i r  numer ica l  computat ions,  " Commun.  

Pu reApp l .  Math . ,  7, 159-193 (1954). 
27. T . V .  Kuskova and L. A. Chudov, "Approximate  boundary conditions for  a vortex in the computation of 

viscous incompress ib le  fluid flows, " in: Computational  Methods and P r o g r a m m i n g  [in Russian],  No. 11, 
Moscow State Univ. (1968). 

28. R. Courant ,  E.  Isaacson,  and M. Rees ,  "On the solution of non l inearhyperbo l ie  differential  equations 
by finite difference,  " Commun. Pure  Appl. Math . ,  5, No. 243 (1952). 

29. R . P .  Fedorenko,  " I t e ra t ivemethods  fo r the  solut ionof  ell iptic di f ference equations,  " Usp.  Mat.  Nauk, 
2_-8, No. 2 (170) (1973). 

30. N. L Buleev and V. S. Pe t r i shchev ,  "Numer ica l  method of solution of the Hydrodynamical  equations for  
plane f low,"  Dokl. Akad. Nauk SSSR, 169, No. 6 (1966). 

963 



31. I. Yu. Brai lovskaya,  nMethod of solution of problems with strong viscous interaction, "Dokl .  Akad. Nauk 
SSSR, 162, No. 1 (1965). 

32. V . N .  Varapaev,  "Numerical  study of periodic jet flow of a viscous incompressible  fluid, " Izv. Akad. 
NaukSSSR, Mekh. Zhidk. Gaza, No. 3 (1968). 

E N T R A I N E D  D O W N W A R D  F L O W  O F  A 

A L I Q U I D  IN A V E R T I C A L  C H A N N E L  

V ,  V .  L o z o v e t s k i i  

GAS AND 

UDC 532.529.5 

The fluid frict ion and breakaway of liquid from the surface of a film are investigated and described 
quantitatively. 

Relatively few investigations have been devoted to the interaction of gas and liquid flows in downward and 
upward entrained motion [1-6]. This type of flow takes place in various heat-  and m a s s - t r a n s f e r  devices and 
permi ts  appreciable intensification of hea t - t r ans fe r  p rocesses  a ta  so l id- - l iqu id  interface as well as m a s s -  
t ransfer  p rocesses  at a l iqu id- -gas  interface.  The efficiency of heat-  and m a s s - t r a n s f e r  equipment is im- 
proved in this case by the reduced film thickness and increased velocity in the film under the ac t ionof the  gas 
flow and inception of turbulence inthe gas layers  adjacent to the film surface,  all of which intensify heat and 
mass  t rans fe r  a t the  l iqu id - -gas  interface.  

The annu la r -mis t  flow reg ime covered by the resul ts  of the investigation deseribed below is observed at 
high velocities and large volume contents of the gaseous phase.  It is charac te r ized  by two sharply differentiated 
flow zones: 1) the wal lzone,  which is occupied bya thinliquid film; 2) the flow core ,  in which thegaseous phase 
moves together with suspended droplets of the liquid phase, which are  broken awayf rom the surface of the film. 
The velocity of the film is much lower  than that of the gas .  Mass t ransfer  takes place between the film and the 
core,  fur ther  intensifyingthe heat-  and m a s s - t r a n s f e r  p rocesses  and simultaneously increasing the f lu id-fr ic-  
tion (viscous) losses .  

We have investigated the mass  t ransfer  and fluid f r ic t ionassoc ia ted  with entrained downward flow of a 
liquid film and gas core on an experimental  setup consisting of a working section in the form of a vert ical  t rans -  
parent  plastic pipe of inside diameter  d =40 mm and length l =2000 ram. In the upper part  of the working sec -  
tion we installeda f i lm-forming device in the form of an annular injection slot of width0.6 ram, along withan 
a i r - in ject ion device compris ing a Vitoshinskii nozzle,  which provides a un i fo rmgas -ve loc i ty  profile in the 
en t rysee t ion .  The investigations were ea r r i edou t  for a gas - - l i qu idsys t em with water  and a i runde r  isother-  
mal conditions. 

The water  entered a supply tank, in which an overflow pipe was installed to maintain a constant level, thus 
assur ing  a constant flow rate  throughout one experiment .  F r o m  the supply tank the water  flowed into the f i lm- 
formingdeviee .  The static p re s su re  was tapped at d is taneesof  35,895,  and1915 m m f r o m  t h e e n t r y o f  water 
and a i r  into the working section, making it possible to determine the p ressu re  drops along the length of the 
channel. 

A chamber  was placed in the lower par t  of the working section to permi t  separat ion of the liquid s t r eam-  
ing along the pipe wall as a film and the flow core of a ir  containing suspended detached liquid droplets .  The 
lat ter  were captured by cyl indr ica lsampl ing probeswith  diameters  di =10, 20, 30, and 35 mm, which were 
mounted at a distance of 2000 mm from the entry to the working section and subsequently delivered their con- 
tents into the measuremen t  vesse l .  

The mass - f low of water  in the experiments  was (1.54 to 12.56) �9 10 -2 kg /see ,  corresponding to a variation 
of the spray  density F from 0.125 to 1.6 kg /m � 9  The water temperature  in this case was 8 to 12~ and 
the Reynolds number  of the liquid hadvalues  
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